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Review of differential equations

A (real, scalar) ODE is an equation in which a function y = y(t) and its
derivatives y’, y", ..., y™ (up to order m € N) are related:

F(t,y,y',y", ... ,y(m)) =0 — m-th order ODE in implicit form
y(m) =f(t,y,y',y", ... ,y(mfl)) — m-th order ODE in explicit form
where y : | > R, | € R domain of definition.

Example 1

o The differential equation 6t2y” +In(t +8)(y’)>-5=0 for t >0
is given in implicit form. The corresponding explicit expression is
y" = (5-1In(t+8)(y")?)/6t, well-defined for all t > 0.

o y® = 2tsin(t3)/5 - y'et/2 - 6y" /10 for t € R is in explicit form.
The corresponding implicit form is 10y(*) —4¢sin(t3) +5y’et +6y” = 0.
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Resolution by separation of variables

A first order ODE of the form

y'(t) = g()h(y(1))

with g, h continuous real functions is called a separable variables
differential equation.

In case h(y(t)) #0, we can solve it dividing both sides by h(y) and then
integrating with respect to the independent variable t:

dy
h(y) y=y(® h(y(t)) fg(t)dt

After integrating, solve with respect to y.
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Example 2
Solve the ODE y'(t) = 2ty3(t) under initial condition y(0) = 1.
Which is the largest interval in which the solution is defined?
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Example 2

Solve the ODE y'(t) = 2ty3(t) under initial condition y(0) = 1.
Which is the largest interval in which the solution is defined?

It is a separable variable ODE with g(t) := 2t and h(y) := y3. Notice
that y = 0 is a solution of the equation, but it does NOT satisfy the initial
condition. Suppose then y # 0 and compute:

dy y'(t) [
- = —dt= 2tdt
] y3 yey(t) I y3(t)

1
=t?+(C = y(t) = +————— — gen. sol. of the ODE
2y G, - 2t2

Employ now the initial condition:

1 1
1=y(0)=t——" — G=1and y(t) = —.
VG —2-02 V1-2t2



Example 2

Solve the ODE y'(t) = 2ty3(t) under initial condition y(0) = 1.
Which is the largest interval in which the solution is defined?

The solution y(t) =

—1E2r2 is well-defined where 1 —2t% > 0, namely in the

interval | = (—%, %)

—lwzé 0 L2

Figure: Plot of y(t) = \/li_2t2
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Resolution by substitution

Similarity equation

A first order ODE of the type

at+ by +c
dt+ey+f
with a,...,f € R is called a similarity equation (or Jacobi equation).

In particular, the following cases are easy to solve by applying a change of
variables:

o If y' = o (at+ by +c), set u(t) = at + by + ¢ to get v’ = bip(u) + a;
o If y' =1 (%), set u(t) =~ to get u' = L=,

In both cases we obtain an ODE with separable variables - to be solved in u!
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Example 3
Find the general solution of the ODE
,_thryt
ty3

. t=0.
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Example 3
Find the general solution of the ODE
B t4 + y4

- Y

ty3

!

t+0.

3
.o . . . I _ t y . . . . . .
Rewriting the equation it is y’ = (;) + %, i.e. a similarity equation with

Y(u)=u+u3 (witha=c=e=f=0,and b=d=1).
We substitute u(t) :== ¥ = y(t) =tu(t) = y'(t) = u(t) + tu'(t).

We obtain the separable variable ODE: &+ tu’ = v+ u™3
f du = f Bu'dt = f %dt

u*(t) =4Injt]+ C = u(t) = +(4In]t| + C)Y*

Finally, substitute back: y(t) = tu(t) = t(4In|t| + C)Y/4.
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From ODEs to systems
Given a (scalar) ODE of any order m € N (for example, in explicit form)
y(m = f(t,y,y,y", ... ,y(m_l)) fory:l >R, (1)
we introduce the functions y1,ys,...,ym: | = R defined as
n=y,y2=y' =y 3=y =y Ym = (Y1) =y ™Y,
thus y,' = y(™. We may rewrite the ODE in (1) as
Ym' = F(t,y1,¥2, Y35+ Ym)

If we consider the conditions given by the definitions of y1,..., ym, we
obtained a system of m ODEs of order 1:

yi' =y

y'=ys

(ym—l), =Ym

(ym), = f(ta)’17)’27)’37 e 7}/m)
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Linear ODEs of m-th order as linear systems

In case the ODE in (1) is linear of order m and in the explicit form, i.e. it
can be written as as

y(™ = b(t) = ao(t)y - ar(t)y’ =+ —ama(t)y ™V (2)

with ag, a1,...,am-1,b: I - R functions on / € R, then y is solution of (2)
if and only if (y1,y2,...,ym) solves the system

yi' =y

y'=ys

: : (3)

(ym—l), =Ym

ym' = b(t) = ao(t)y = ar(t)y’ -+ = am-1(t)y(™ ™
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n(t)
Let Y(2) = | 724 | and B(r) =
Ym(t)
0 1 0
0 0 1

“ao(t) —a(t) . —ana(D)

Rewrite (3) as

b1

be vectors of n components,

matrix of order n.

Y'(t) = A(t)-Y(t) +B(t).

@ The following bijection holds:

{Ilnear m-th order ODEs} -

in explicit form

m-1

{Iinear systems of m ODEs}
of order 1

y(m) — b(t) _ Z ai(t)y(i)(t) <« Yl(t) = A(t) Y(t) + B(t)

i=0
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Example 4
Rewrite the following IVP of a third order ODE

3y +4tcos(2t)y’ —ely +6t =12, t > 5;
y(5) =-1, ¥'(5) =0, y"(5) =2

as an initial value problem for a first order system.
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Example 4
Rewrite the following IVP of a third order ODE

3y +4tcos(2t)y’ —ely +6t =12, t > 5;
y(5) =-1, ¥'(5) =0, y"(5) =2

as an initial value problem for a first order system.
Setyi:=y, yoi=y' =y, y3i=y' =y" > y3' =y

Substituting into (4) returns : 3y3’ + 4tcos(2t)y> — ely; + 6t =12
= y3' = (—4tcos(2t)y, + ety; + 12 - 6t)/3.

' 0 1 0\ /»n 0
yv]1=10 0 1ly2]+| O
ys' e'/3 —4tcos(2t)/3 0] \ys 4-2t

Y' = A Y + B

y1(5) y(5) -1
with Y(5) = | »2(5) | = y'(5) | =| ©
y3(5) y"(5) 2
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Exercise 1

Consider the differential equation

sin(6t)y’ — t*y"" = 3ty” + 3y /4 = 22" (5)

(i) Determine the order of the ODE and if it is linear/non-linear,
homogeneous/inhomogeneous.

(i1) Write (5) in explicit form in the domain {t e R: t > 0}.
(iii) Given the initial values y()(0) = z for i € {0,1,2} and z € R, rewrite
(5) as a system of first order ODEs with conditions.
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Exercise 2

Find the general solution of each of the following separable variables ODEs,

then determine the respective solutions of the related problem under the
constraint y(1) =1/2.

(i) y' = 6t%y; (i) y' = 43\/t, t>0;
2
(ifi) y'+—X(1+2X2):0; (iv) y’:y2—1;

(v) ty' =/1-y2 te(1,2).
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Exercise 3

Determine the right substitution which transforms each of the following

similarity ODEs into a separable variables equation, then solve the equation
obtained.

t2 + x2

v t+0;
X

(i) % =
(i) y'=y+2X, x #0;
X

(i) y' = (1 +4x + 16y)°.
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Appendix

Table of most common integrals

. s |
1. j.\ (1’.r~”+ " (n=—1) 2. I?dx~ln|.r|

X fae x — at
3. Ie dx =e 4. J.a dx na

5. J. sin x dx = —cos x 6. J cos X dx = sin x

7. J sec’v dx = tan x 8. _.. escivdx = —cot x

9. J sec v tan x dy = sec x 10. _[ cse x cot xdx = —cscx
11. J sec X dx = ]n|sec X + tan .\'| 12. Jcsc xdx = ln|css.‘ x — colx
13. J. tan x dx = In|sec x| 14. I cot xdx = In[sin x|
15. j sinh x dx = cosh x 16. j cosh x dx = sinh x
dx | af x ¢ dx . x
17. ..‘,—2=—l:m — 18. Jﬁ=5lﬂ_l —
x-+a a a a= — x- a
dx 1 X—a dx
M. [T = W[ e =[x+ VT E
X —a 2a x+a x2* a?
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